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Abstract
Let B be a monotone σ -complete C∗-algebra. Let (µn) (n = 1,2, . . .) be a sequence in the dual of
B such that limµn(p) exists for each projection p. We prove that the sequence must converge weakly.
As an application, we obtain a non-commutative generalisation of the Brooks–Jewett Theorem.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this note, B shall be a C∗-algebra which possesses a unit element and is
monotone σ -complete, that is, each upper bounded, monotone increasing sequence of self-
adjoint elements of B has a least upper bound. See, for example, [16]. In particular, every
von Neumann algebra satisfies these conditions, so that all results obtained here apply to
von Neumann algebras. However monotone σ -complete C∗-algebras form an essentially
larger class. When B is commutative then linear functionals on B can be identified with
finitely additive measures on the Boolean σ -algebra of projections in B .
In our first lemma, we use a result of Darst [6] to show that when a subset of the dual
of B is bounded on each projection then it must be bounded in norm. The proofs of our
theorems are short because most of the hard work has been done elsewhere. In particular,
in [5], see also [12], which depends on [4] and hence the beautiful results of Pfitzner [10].
It was shown in [5] that absolute continuity of a linear functional on a C∗-algebra with
respect to a state, is more subtle and complicated than in the commutative situation. Making
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a non-commutative generalisation of the classical Brooks–Jewett Theorem [3].
Our standard references for C∗-algebras are [8,9,15] and for weak compactness [7].
As well as [10], important contributions to the study of weak compactness in duals and
pre-duals of operator algebras can be found in [1,2,11,14].
2. Sequences in the dual of a monotone σ -complete C∗-algebra
It may be observed that the principle results obtained here for monotone σ -complete
C∗-algebras can easily be extended to Rickart C∗-algebras. But no example of a Rickart
C∗-algebra which is NOT monotone σ -complete has ever been found. So we have not
pursued this generalisation.
Lemma 1. Let F be a set of functionals on B . Suppose that, for each projection p in B ,
{φ(p): φ ∈ F } is a bounded set. Then F is bounded in norm.
Proof. By the Uniform Boundedness Theorem, F will be bounded if, for each z in B ,
{φ(z): φ ∈ F } is bounded. Each element of B is of the form x + iy , where x and y are
self-adjoint, and each self-adjoint element is the difference of two positive elements. So it
suffices to show that {φ(x): φ ∈ F } is bounded when x is self-adjoint and 0 x  I .
Fix x where x is self-adjoint and 0 x  I . Then [9] there exists a sequence of pairwise
commuting projections (pk) (k = 1,2, . . .) such that x =∑1k<∞(1/2k)pk . Let S be the
smallest C∗-subalgebra of B with the following properties:
(I) S contains each of the pk and contains the unit I.
(II) S is a σ -subalgebra of B , that is, whenever (yn) (n = 1,2, . . .) is a monotone increas-
ing sequence of self-adjoint elements of S with least upper bound y in B , then y is
in S. Then the projections in S form a σ -complete Boolean algebra which we shall
denote by P .
By the Loomis–Sikorski Theorem [13], there is a set X and a σ -field of subsets of X,
F , such that there exists a σ -homomorphism H from F onto P . Now {φH : φ ∈ F } is a
set of finitely additive measures on F such that, for each E ∈ F , {φH(E): φ ∈ F } is a
bounded set. So, by Darst’s Theorem [6], there exists a constant K such that |φH(E)|K
for all φ and all E. Thus |φ(pk)|K for each k and all φ in F . Hence {φ(x): φ ∈ F } is
bounded when x is self-adjoint and 0 x  I . The lemma now follows. 
Theorem 2. Let B be a monotone σ -complete C∗-algebra. Let (µn) (n = 1,2, . . .) be a
sequence in the dual of B such that limµn(p) exists for each projection p in B . Then the
sequence converges weakly to a bounded functional on B .
Proof. By Lemma 1 there exists a constant K such that ‖µn‖  K for all n. For each
projection p in B , let λ(p) = limn→∞ µn(p). Then |λ(p)|K . Fix x in B with 0 x  I .
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Choose ε > 0. Then fix N large enough to ensure that K/2N−1  ε/2.
Since limn→∞ µn(pk) = λ(pk) for k = 1,2, . . . ,N , we can find M large enough to
ensure that for nM , and k = 1,2, . . . ,N , |µn(pk) − λ(pk)| ε/(2N). So, for nM ,
∣∣∣∣µn(x)−
∑
1k<∞
1
2k
λ(pk)
∣∣∣∣ ε.
Thus limn→∞ µn(x) exists.
Let z be any element of B . Arguing as in Lemma 1, we can decompose z into a linear
combination of positive self-adjoint elements. Hence limn→∞ µn(z) exists.
Let µ(z) = limn→∞ µn(z). Then µ is a bounded linear functional on B .
Clearly (µn − µ) (n = 1,2, . . .) converges weak∗ to 0. But, see [12], B is a Grothen-
dieck space, so the sequence also converges weakly to 0. 
Remark. The above theorem has a superficial resemblance to the non-commutative
Dieudonné Theorem proved in [4]. But there the convergence hypothesis is much stronger,
for convergence is demanded on each range projection in B ′′ whereas here we only require
convergence on each projection in B .
3. Absolute continuity of linear functionals on a monotone σ -complete C∗-algebra
In this section A is a C∗-algebra.
We recall that each bounded linear functional φ on A has a unique decomposition into
φα + iφβ , where φα and φβ are Hermitian functionals. Each Hermitian ψ in A′ has a
unique decomposition (the Jordan decomposition) into ψ1 − ψ2, where ψ1 and ψ2 are
positive and ‖ψ1 −ψ2‖ = ‖ψ1‖+ ‖ψ2‖. Thus each φ ∈ A′ has a canonical decomposition
into φ1 − φ2 + i(φ3 −φ4), where each φj is positive, φ1 −φ2 is the Jordan decomposition
of the Hermitian part of φ and φ3 − φ4 is the Jordan decomposition of the anti-Hermitian
part of φ. We write [φ] = φ1 + φ2 + φ3 + φ4, and call [φ] the absolute value of φ.
Let us recall the following standard result:
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Then pψ is a semi-norm on A.
In [5], we distinguished between two different notions of absolute continuity.
Definition 3. Let ψ be a positive linear functional on a C∗-algebra A. A functional φ in A′
is weakly absolutely continuous with respect to ψ , written φ <w< ψ , if, given any ε > 0,
there exists a δ > 0, such that ‖a‖ 1 and pψ(a) δ implies |φ(a)| ε.
Definition 4. Let ψ be a positive linear functional on a C∗-algebra A. A functional φ in A′
is strongly absolutely continuous with respect to ψ , written φ <s< ψ , if, given any ε > 0,
there exists a δ > 0, such that ‖a‖ 1 and pψ(a) δ implies |[φ](a)| ε.
It is clear that if φ  0, then φ <w< ψ is equivalent to φ <s< ψ .
For any φ, let φ1 −φ2 + iφ3 − iφ4 be the canonical decomposition of φ. Then φ <s< ψ
implies φj <s< ψ for j = 1,2,3,4. Hence φ <s< ψ always implies φ <w< ψ .
When A is commutative, the two notions of absolute continuity coincide. But, as we
saw in [5, Example 3.3], this is FALSE when A is not commutative.
When A is monotone σ -complete, and hence richly endowed with projections, we may
modify the definition of weak absolute continuity, by restricting attention to the behaviour
of the functional on projections.
Definition 3#. Let ψ be a positive linear functional on a monotone σ -complete C∗-algeb-
ra B . A functional φ in B ′ is weakly absolutely continuous on projections with respect
to ψ , if, given any ε > 0, there exists a δ > 0, such that whenever p is a projection and
pψ(p) δ then |φ(p)| ε.
It follows from [5, Proposition 4.7] that, for any monotone σ -complete C∗-algebra,
Definition 3# is equivalent to Definition 3.
Definition 4#. Let ψ be a positive linear functional on a monotone σ -complete C∗-algeb-
ra B . A functional φ in B ′ is strongly absolutely continuous on projections with respect
to ψ , if, given any ε > 0, there exists a δ > 0, such that whenever p is a projection and
pψ(p) δ then |[φ](p)| ε.
It turns out that for any monotone σ -complete C∗-algebra, Definition 4# is equivalent
to Definition 4.
Let us now recall the definition of uniform weak absolute continuity.
Definition 5. Let ψ be a positive linear functional on a monotone σ -complete C∗-algeb-
ra B . Let K be a subset of B ′. Then K is said to be uniformly weakly absolutely continuous
with respect to ψ if, given any ε > 0, there exists a δ > 0, such that
‖a‖ 1 and pψ(a) δ implies |φ(a)| ε for every φ ∈ K.
We introduce the following definition:
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ra B . Let K be a subset of B ′. Then K is said to be uniformly weakly absolutely continuous
on projections with respect to ψ if, given any ε > 0, there exists a δ > 0, such that, when-
ever p is a projection in B ,
pψ(p) δ implies |φ(p)| ε for every φ ∈ K.
Clearly when Definition 5 is satisfied then so also is Definition 6 but, in general, the
converse is false, even for commutative algebras, see [5, Example 4.6]. When Definition 5
is satisfied this forces K to be bounded in norm, see [5, Lemma 4.1]. But, see [5, Ex-
ample 4.6], Definition 6 can be satisfied without K being bounded. However, when K is
bounded in norm then the two conditions are equivalent.
Theorem 7. Let B be a monotone σ -complete C∗-algebra. Let (µn) (n = 1,2, . . .) be a
sequence in the dual of B such that limn→∞ µn(p) exists for each projection p. Let ψ be
any positive linear functional on B such that each µn is strongly absolutely continuous
with respect to ψ . Then (µn) (n = 1,2, . . .) is weakly convergent and {µn: n = 1,2, . . .} is
uniformly weakly absolutely continuous with respect to ψ .
Proof. By Theorem 2 and Lemma 1, (µn) (n = 1,2, . . .) is weakly convergent and
bounded in norm. It follows from the Eberlein–Smulian Theorem [7] that {µn: n =
1,2, . . .} is relatively weakly compact. So, by [5, Theorem 3.8], {µn: n = 1,2, . . .} is uni-
formly weakly absolutely continuous with respect to ψ . That is, given any ε > 0, there
exists δ > 0, such that ‖a‖ 1 and pψ(a) δ implies |µn(a)| ε for n = 1,2, . . . . 
Let B be a σ -field of subsets of a set X. Let B be the algebra of all bounded complex
valued B measurable functions on X. Then B is a commutative σ -complete C∗-algebra
whose lattice of projections can be identified with B, or, more pedantically, with the char-
acteristic functions of the sets in B. So there is a natural bijection µ → µ# from the finitely
additive measures on B onto the dual of B . By specialising Theorem 7 to this B we obtain
the following classical result [3].
Corollary 8. Let (µn) (n = 1,2, . . .) be a sequence of finitely additive measures on B,
such that limn→∞ µn(P ) exists for each P ∈ B. Let ψ be a positive finitely additive
measure on B, such that each µn is absolutely continuous with respect to ψ . Then
{µn: n = 1,2, . . .} is uniformly absolutely continuous with respect to ψ .
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